Abstract. The purpose of this note is twofold. In the first part we observe that two finitely generated non-amenable groups are quasi-isometric if and only if they admit topologically orbit equivalent Cantor minimal actions. In particular, free groups of different rank admit topologically orbit equivalent Cantor minimal actions -unlike in the measurable setting. In the second part we introduce the measured orbit equivalence category of a Cantor minimal system and construct (in certain cases) a representation of this category on the category of finite-dimensional vector spaces. This gives rise to novel fundamental invariants of the orbit equivalence relation together with an ergodic invariant probability measure.
Introduction
This note is about a relationship between ergodic theory of group actions and geometric group theory. In geometric group theory, finitely generated groups are typically studied from a coarse point of view as metric spaces up to quasi-isometry -a weakening of the usual notion of isomorphism or commensurability. On the other side, in the study of group actions on compact metric spaces, the notion of topological orbit equivalence arises in a natural way as a weakening of the notion of conjugacy of actions. Based on Gromov's dynamical characterization of quasiisometry [10, 0.2.C2] we show that two finitely generated non-amenable groups are quasiisometric if and only if they admit topologically orbit equivalent Cantor minimal systems.
As a particular consequence, we can conclude that non-abelian free groups of different rank admit topologically orbit equivalent Cantor minimal systems. This is in harsh contrast to the analogous measurable setting, where the measurable orbit equivalence relation (of probability measure preserving systems) remembers the rank of the free group, see Gaboriau's seminal work [6] .
In the second part of this paper, starting with Section 4, we study self-orbit equivalences of a Cantor minimal system. To this end, we introduce a category mC(R) which is called the measured orbit equivalence category. Its objects are group actions that induce an isomorphic orbit equivalence relation R endowed with an ergodic invariant probability measure. Morphisms are suitable intertwiners given by a measure-preserving homeomorphism and a cocycle, see Section 4. In Section 5 we then construct various functors from the category mC(R) to the category of vector spaces. In the case that R is induced by a free action of a nilpotent group, these functors land in the category of finite-dimensional vector spaces and thus yield a linear representation of the category mC(R). In the last two sections we study in more detail the special situation when the nilpotent group is just Z d and also consider the realization problem, i.e., determine the potential image of the functor. The main results from these sections are Theorems 4.6, 4.7 and 4.8. In Section 8 we end the discussion with an outline of further directions.
Basic definitions
Let X stand for a standard Cantor set, e.g. X = {0, 1} N . Let Γ be a (not necessarily countable) group, and let π be a faithful action of Γ on X by homeomorphisms, that is, a monomorphism π : Γ ֒→ Homeo(X). We denote this data by (X, Γ, π) and call it a Cantor dynamical system. Since we are only considering faithful actions, we may and will identify Γ with its image in Homeo(X) and denote the dynamical system -by slight abuse of notation -just by (X, Γ). Accordingly, we often denote the group action by (g, x) → gx, suppressing π in the notation when the group action is clear from the context.
We denote by [[X, Γ]] or [[Γ]
] (depending on whether X is clear from the context) the set of all homeomorphisms T of X for which there exists k ∈ N, a clopen partition of X = A 1 ⊔ . . . ⊔ A k , and group elements g 1 , . . . , g k ∈ Γ such that T
] is again a group -it is called the topological full group of the dynamical system (X, Γ). A clopen set U ⊂ X is called wandering if gU ∩ U = ∅ holds for all group elements g = 1.
In many natural situations, the topological full group is a complete invariant of the topological orbit equivalence relation, see Definition 2.5 for terminology. This can be made precise as follows:
Theorem 2.1 (see [13] ). Let (X, Γ) and (Y, Λ) be Cantor dynamical systems. Assume that the dynamical system (X, Γ) and (Y, Λ) have no wandering clopen sets and no orbits of length one and two. Suppose that there is a group isomorphism η :
In particular, the dynamical system (X, Γ) and (Y, Λ) are topologically orbit equivalent. Remark 2.3. The homeomorphism ϕ η in the previous theorem is unique, which also justifies its notation. Indeed, suppose that the homeomorphisms ϕ and ψ satisfy η(g) = ϕ•g •ϕ −1 and
] such that h(x) = x for all x ∈ ψ(U ) and such that there exists ϕ(x 0 ) ∈ ϕ(U ) such that h(ϕ(x 0 )) = ϕ(x 0 ). In particular, we obtain that ψ(g(x 0 )) = h(ψ(x 0 )) = ψ(x 0 ) and ϕ(g(x 0 )) = h(ϕ(x 0 )) = ϕ(x 0 ). Since ϕ and ψ are bijective, this is a contradiction. Our goal is to relate geometric group theory (quasi-isometries) to topological dynamics (topological orbit equivalence). Next we recall the relevant notions.
Let R and R ′ be equivalence relations on topological spaces X and X ′ , respectively. Then R and R ′ are called orbit equivalent if there is a homeomorphism h : X → X ′ -called the orbit equivalence -such that (h × h)(R) = R ′ . Assume additionally that R and R ′ are the orbit equivalence relations of free continuous actions of Γ on X and Λ on X ′ . The cocycles α : Γ × X → Λ and β : Λ × X ′ → Γ of an orbit equivalence h : X → X ′ between R and R ′ are defined by the relations
Definition 2.5. Two free continuous actions of groups Γ on X and Λ on X ′ are called topologically orbit equivalent if there is an orbit equivalence h : X → X ′ of the corresponding orbit equivalence relations whose cocycles are continuous. In that case h is called a topological orbit equivalence.
Next we briefly recall some notions from geometric group theory to fix the notation. Let Γ be a finitely generated group and S ⊂ Γ be a finite symmetric generating set. Recall that a subset S ⊂ Γ is called symmetric if S −1 := {s −1 | s ∈ S} coincides with S. By the choice of S one defines the length function ℓ S on Γ by
It is clear that ℓ S (gh) ≤ ℓ S (g) + ℓ S (h) for all g, h ∈ Γ, and ℓ S (g) = 0 if and only if g = e.
Using the length function, the word metric on Γ is given by
for all g, h, k ∈ Γ. Note also that d Γ depends on S, but we will suppress this dependence in the notation. 
for all g, h ∈ Γ, and for all k ∈ Λ, there exists g ∈ Γ with d Λ (ϕ(g), k) ≤ C; ii) a bi-Lipschitz equivalence if ϕ is bijective and there exists a constant C, such that
for all g, h ∈ Γ. We call C a Lipschitz constant for ϕ.
Two maps ϕ, ψ : Γ → Λ are said to have bounded distance if there exists a constant
It is clear from the definition that two groups which are bi-Lipschitz equivalent are also quasi-isometric. The converse is not true in general, see [3] . However, if one group is (and hence both are) non-amenable, the two notions agree. Theorem 2.7 (Whyte, [19] ). Let Γ, Λ be non-amenable finitely generated groups. Every quasi-isometry is within bounded distance to a bi-Lipschitz equivalence.
This was shown before for trees (and hence for free groups) by Papasoglu [14] , answering a question of Gromov [10] .
Gromov's construction
Let Γ, Λ be finitely generated groups. We consider the space map(Γ, Λ) of all maps from Γ to Λ with the topology of pointwise convergence. The space map(Γ, Λ) is endowed with a natural Γ × Λ-action, given by the formula
Let ϕ : Γ → Λ be a bi-Lipschitz equivalence and let C be a Lipschitz constant for ϕ. We consider the set Ω := (Γ × Λ)ϕ ⊂ map(Γ, Λ), and X := {ψ ∈ Ω | ψ(e) = e}.
Note that the Γ × Λ-action restricts to the closed subset Ω. The following theorem, going to back to Gromov, clarifies the relation between properties of elements in Ω and the action of Γ × Λ on Ω. Similar to the measurable setting, the Γ × Λ-space Ω yields a topological orbit equivalence between the induced actions of Γ on X ∼ = Λ\Ω and Λ on X ∼ = Γ\Ω. The Γ-action on X is given by the formula
and the Λ-action is given by
Note that g · ψ = (g, e)ψ in general and similarly for the Λ-action. Moreover, for each x ∈ X, we have Γ · x = Λ · x. The maps
satisfy cocycle identities
and the relation (1) for h = id. Note, however, that whilst the action of Γ (or Λ) on Ω is free, the induced action on X is not necessarily free. It is obvious that α and β are continuous. In particular, for fixed g ∈ Γ, the map α(g, ) : X → Λ takes only finitely many values and defines a clopen partition of X, so that the action of g on each piece is given by the action of some element in Λ.
Theorem 3.2. Let Γ and Λ be finitely generated groups. Then Γ and Λ admit free continuous actions on the Cantor set that are topologically orbit equivalent if and only if Γ and Λ are bi-Lipschitz equivalent.
The technique used in the proof below is the topological analog of the one in Furman's paper [4, Theorem 3.3.] .
Proof. (1) Suppose that Γ and Λ are bi-Lipschitz equivalent. Now apply Gromov's construction above to obtain orbit equivalent actions. In general, the action on Ω will not be free.
However, due to [11] we may pick some free Cantor action (Y, Γ × Λ) and consider the diagonal action on Ω ′ := Ω × Y instead. It is clear that X ′ := X × Y is an open and compact fundamental domain for both the Γ-action and the Λ-action. Thus, (Γ, X ′ ) and (Λ, X ′ ) are free actions inducing the same orbit structure by the preceding paragraph. Forcing freeness in that way is an idea from [6, Theorem 2.3] . Note that we only relied on the second property of Theorem 3.1 in the preceding paragraph and did not care about the origin of Ω.
We may now pass to a minimal subsystem Z ⊂ X ′ for both the Γ-action and the Λ-action -as minimality is a property of the orbit structure. It is now apparent that (Γ, Z) and (Λ, Z) are topologically orbit equivalent Cantor minimal systems. This finishes the proof of the backward implication.
(2) Suppose that we have two finitely generated groups Γ and Λ, a Cantor set X, and topologically orbit equivalent free continuous actions Γ X and Λ X. The orbit equivalence cocycle α : Γ × X → Λ is then continuous. Let us pick a point x ∈ X and set ϕ(g) := α(g −1 , x) −1 . Let S be a finite symmetric generating set for Γ and S ′ be a finite symmetric generating set of Λ. Let g, h ∈ Γ be arbitrary.
Note that α(S × X) ⊂ Λ is finite and set:
We are now ready to prove the first inequality:
The other inequality follows (possibly with a different constant) by symmetry. This finishes the proof.
Corollary 3.3. Let Γ, Λ be non-amenable finitely generated groups. If the groups Γ and Λ are quasi-isometric, then there exist topologically orbit equivalent free Cantor minimal systems of Γ and Λ.
Proof. Use Theorem 2.7 to construct a bi-Lipschitz equivalence between Γ and Λ and apply the previous result.
Since finitely generated non-abelian free groups are bi-Lipschitz equivalent to each other [14] , we immediately obtain that they admit topologically orbit equivalent actions.
Corollary 3.4. Finitely generated non-abelian free groups of different rank have topologically orbit equivalent free actions.
Note that the actions in the previous corollary cannot have an invariant finite Borel measure. Indeed, any preserved measure would yield a measurable orbit equivalence and thus imply that the cost and the ℓ 2 -Betti numbers of the two groups would agree according to Gaboriau's work in [5, 7] .
Topological orbit equivalence as in Theorem 3.2 and thus bi-Lipschitz equivalence of finitely generated groups is a strong condition that implies quasi-isometry. This is known to imply, for example, that cohomological dimensions agree provided they are finite [15] and that (under suitable finiteness conditions) for all k ∈ N the k-th ℓ 2 -Betti number of one groups vanishes if and only if it vanishes for the other due to an unpublished result of Pansu (see also [16] ). In the next section, we will discuss how symmetries of the orbit equivalence relation yield symmetries of certain cohomological invariants of the acting groups.
As a consequence of Theorem 3.2 we can now apply quasi-isometry rigidity results to the study of topological orbit equivalence of groups. A group Γ is called quasi-isometrically rigid if and only if every group that is quasi-isometric to Γ is already virtually isomorphic to Γ. Further, a class C of groups is quasi-isometrically rigid if every group that is quasi-isometric to a group in C is virtually isomorphic to a group in C. This applies (by the work of many authors) to free groups, free abelian groups, the class of nilpotent groups, the class of fundamental groups of closed (compact, without boundary) surfaces, the class of fundamental groups of closed (compact, without boundary) 3-dimensional manifolds, the class of finitelypresentable groups, the class of hyperbolic groups, the class of amenable groups, the class of fundamental groups of closed n-dimensional hyperbolic manifolds, the class of discrete co-compact subgroups in a simple non-compact Lie group, and many more examples [12] .
In the amenable case, bi-Lipschitz equivalence is a stronger condition than quasi-isometry, so that even finer information about topological orbit equivalence of different amenable groups can be obtained. See [3] for a discussion of bi-Lipschitz equivalence versus quasi-isometry for amenable groups.
The orbit equivalence category
In this section we study two novel invariants of an orbit equivalence relation that we will call the topological and measured orbit equivalence category, respectively. In certain cases, we obtain a representation of this category by measure preserving linear transformations on certain finite-dimensional cohomological invariants of the acting groups.
Definition 4.1. The category mC is defined as follows. Its objects are quadruples (Γ, X, π, µ), where π : Γ × X → X is a free minimal action of Γ on a Cantor space X and µ is an ergodic Γ-invariant probability measure on X. A morphism between (Γ, X, π, µ) and (Λ, Y, σ, ν) is given by a pair (ϕ, α) where ϕ : X → Y is a homeomorphism and α : Γ × X → Λ is a continuous map (cocycle) such that ϕ(π(g, x)) = σ(α(g, x), ϕ(x)), for all g ∈ Γ, x ∈ X, and ϕ * (µ) = ν. The composition of morphisms (ϕ, α) : , x) , ϕ(x))). Sometimes we suppress π in the notation and denote an object in mC(R) by (Γ, X, µ).
The category C is similarly defined as mC except that the objects are not endowed with an invariant measure and the condition that morphisms should be measure preserving is omitted. There is an obvious forgetful functor q : mC → C. Definition 4.2. Let R be the orbit equivalence relation of a free minimal action π of a group Γ on a Cantor space X. We denote by C(R) the full subcategory in C of objects isomorphic to (Γ, X, π) and call it the topological orbit equivalence category of R. We denote by mC(R) the full subcategory in mC of objects that are mapped to C(R) under the forgetful functor q. We call mC(R) the measured topological orbit equivalence category of R.
Remark 4.3. Let us assume that R is the orbit equivalence relation of an action by an amenable group. Let (ϕ, α) be a morphism in C(R) from (Γ, X, π) to (Λ, Y, σ). Then both groups Γ and Λ are amenable. Choose a Γ-invariant probability Borel measure µ on X, and let ν := ϕ * µ be the push-forward measure on Y . Then (ϕ, α) constitutes a morphism in mC(R). Hence q is surjective on objects and morphisms, i.e., essentially surjective and full.
Let Γ be a countable group and let Γ act minimally and freely on a Cantor set X. We consider the group Aut(
be an automorphism. By Theorem 2.1 and Remark 2.3 there is a unique homeomorphism ϕ η : X → X such that ϕ η (g(x)) = η(g)(ϕ η (x)) for all x ∈ X and g ∈ [[X, Γ]]. We say that ϕ η realizes η. We also obtain a continuous cocycle α η : Γ × X → Γ defined by
It satisfies the cocycle identity ) of automorphisms θ : Γ → Γ for which there is a (then unique) homeomorphism ϕ θ : X → X with ϕ θ (gx) = θ(g)ϕ(x) for every g ∈ Γ and x ∈ X. Further, let Aut (X,µ) (Γ) be the subgroup {θ ∈ Aut X (Γ) | (ϕ η ) * µ = µ}.
We denote by grVect the category of N-graded vector spaces and by grRing the category of N-graded unital rings. For a probability space (X, µ) with a µ-preserving Γ-action we denote the space of µ-square integrable measurable functions by L 2 (X, µ); it becomes a left Γ-module via γ · f (x) = f (γ −1 x) for γ ∈ Γ and f ∈ L 2 (X, µ).
The rest of this section is devoted to the proof of the following two theorems.
Theorem 4.6. Let R be the orbit equivalence relation of a free and minimal action of a group on a Cantor space X. There exists a functor H * : mC(R) → grVect, that assigns to (Γ, X, π, µ) the graded vector space H * (Γ, L 2 (X, µ)) of the group cohomology of Γ with coefficients in the Γ-module L 2 (X, µ). Assume further that R is the orbit equivalence relation of a free and minimal action of a finitely generated nilpotent group on a Cantor space and let mC(R) nil be the full subcategory of mC(R) whose objects (Γ, X, π, µ) have the property that Γ is finitely generated and nilpotent 1 .
Then there is a functor Ψ : mC(R) nil → grRing to graded unital rings that assigns to (Γ, X, π, µ) in mC(R) nil the real cohomology algebra H * (Γ, R) = i≥0 H i (Γ, R) with the following properties:
(1) The maps H * (Γ, L 2 (X, µ)) → H * (Γ, R) induced by integration in the coefficients yield a natural equivalence of functors from H * , restricted to mC(R) nil , to Ψ. (2) By restricting Ψ to the automorphism group of an object (Γ, X, π, µ) in mC(R) nil we obtain a homomorphism
that extends the canonical homomorphism Aut (X,µ) (Γ) → Aut(H * (Γ; R)).
Here we denote by Aut(H * (Γ, R)) the group of graded unital algebra automorphisms of H * (Γ, R).
The following theorem summarizes the situation in the special case Γ = Z d . We denote by mVect the category whose objects are finite-dimensional vector spaces equipped with a translation invariant Lebesgue measure, and morphisms are given by measure preserving linear maps. Theorem 4.7. Let R be the orbit equivalence relation of a free and minimal action of Z d on a Cantor space X. There exists a functor Ψ 1 : mC(R) → mVect given on objects by
where the volume form is induced by the standard lattice Z d ⊂ R d . In particular, for every ergodic Z d -invariant probability measure on X there is a homomorphism
We also prove the following realization theorem:
For every matrix A ∈ GL d (R) with det(A) = ±1, there exists an equivalence relation R induced by a free Z d -action as above and a morphism η = (ϕ η , α η ) in the category mC(R) such that the induced linear map Ψ 1 (η) is given by left-multiplication with the matrix A.
Example 4.9. Let Z act on the p-adic integers Z p by adding 1. The product system of Γ = Z×Z acting on X = Z p × Z p is a minimal, uniquely ergodic Cantor system -unique ergodicity follows from the uniqueness of the Haar measure. In this case, we obtain Aut( 
Maps in cohomology induced by morphisms in mC(R) and C(R)
Let η = (ϕ η , α η ) be a morphism in the category mC(R) between (Γ, X, π, µ) and (Λ, Y, σ, ν). It is clear that η is invertible with inverse η −1 = (ϕ η −1 , α η −1 ). One easily verifies that
Further, we have
. From now on we will omit to mention the actions π and σ, unless there is any risk of confusion. From (2) and (3) we conclude the identity
We equip Γ k+1 × X with the productμ of the counting measure on Γ k+1 and µ. By (4) the continuous map
is a homeomorphism with inverse given by
Since the cocycles are continuous, there is a clopen partition P of X such that for each A ∈ P the restriction of Ω k η to {(g 0 , . . . , g k )} × A composed with the projection to Λ k+1 is constant.
So Ω k η is locally measure-preserving and hence measure-preserving, i.e., Ω k η * (μ) =ν. In the sequel, we will consider the reduced group cohomology of a group Γ in a Banach Γ-module. Whereas the ordinary group cohomology in degree k can be defined as the quotient of the kernel of the k-th differential by the image of the preceding differential in the (homogeneous) bar complex, the reduced cohomology is the quotient of the kernel of the kth differential by the closure of the image of the preceding differential with respect to the topology of pointwise convergence on the bar complex.
Similar maps as in the following lemma were previously studied in [15, 17] .
Lemma 5.1. Let η = (ϕ η , α η ) be a morphism in the category mC(R) between (Γ, X, π, µ) and (Λ, Y, σ, ν). Then the maps
for a homogenous cochain f : Γ k+1 → L ∞ (X, µ, R) form a Γ-equivariant chain homomorphism and induce contravariant functorial homomorphisms in cohomology
Moreover, there are analogous induced contravariant functorial homomorphisms for ordinary and reduced cohomology with coefficients in L 2 (X, µ, Z) and L 2 (X, µ, R). Similarly, analogous functors exist on the category C(R), when we consider cohomology with coefficients in C(X, Z) or C(X, R).
Proof of Lemma 5.1. Since Ω k η is a homeomorphism, for every tuple
Together with the fact that Ω k η is measure-preserving it follows that C k (η) is well defined. It is clear from the definition that C k (η) is compatible with the differential of the homogeneous bar complex. Next we show that C k (η) restricts to the subcomplexes of Γ-invariant cochains: The cocycle property of α η implies that (5) α η (gg 0 , g
We have to show that
provided f is a Γ-invariant cochain. This follows from the following computation:
It remains to prove functoriality; this is done in the following lemma.
Proof. It is clear that H k (id) = id. Let η = (ϕ η , α η ) and θ = (ϕ θ , α θ ) be morphisms in the category C(R). Then
The claim follows from the following computation:
This finishes the proof of existence of various well-behaved cohomological invariants for orbit equivalence relations on Cantor space. Unfortunately, these invariants are typically infinite-dimensional and thus not directly computable. After studying product structures in the next section we will then connect with work of Shalom to see that at least for nilpotent groups L 2 -cohomology can be identified with the ordinary cohomology of the acting group. This then allows to obtain the desired representation of the category mC(R) on the category of finite-dimensional vector spaces.
The homomorphisms
are an equivariant chain isomorphism. A similar statement holds for complexes with realvalued functions. Thus we obtain chain isomorphisms
where the right hand sides are the co-invariants of
Let η = (ϕ η , α η ) be a morphism in the category mC(R) between (Γ, X, π, µ) and (Λ, Y, σ, ν). Now we define
and similarly for the chain complex with real-valued functions. This is well defined: If F × X contains the support of f for some finite subset
is compact, thus lies in the product of some finite subset of Λ k+1 with Y . Since Ω k η −1 is measure-preserving, it also preserves squareintegrability. Analogously to the proof of Theorem 5.1 one easily verifies that C * (η) is a chain map and descends to the co-invariants. So we obtain induced maps
and similarily for real coefficients. The adjointness property readily follows from the fact that Ω k η is measure-preserving and the fact that the pairing (6) is explicitly given on the chain level by
The existence of product structures is of independent interest. They will be used in the next section to finish the proof of Theorem 4.7.
Conclusion of proofs
We now finish the proofs of the main results mentioned in Section 4.
Proof of Theorem 4.6. We define a functor Ψ : mC(R) nil → grRing on the level of objects as Ψ(Γ, X, π, µ) = H * (Γ, R) and on the level of morphisms as follows:
Let η = (ϕ η , α η ) be a morphism in the category mC(R) nil between (Γ, X, π, µ) and (Λ, Y, σ, ν). We define Ψ(η) = (Ψ k (η)) k≥0 by declaring Ψ k (η) to be the unique homomorphism that makes the following diagram commutative:
The vertical maps are induced by inclusion of constant functions in the coefficients. By [17, Theorem 4.1.3] and the ergodicity of µ we haveH k (Γ, L 2 0 (X, µ, R)) = 0 for the mean value zero functions L 2 0 (X, µ, R). Since H * (Γ, R) is finite dimensional, e.g. as a consequence of Nomizu's theorem [18, Theorem 4.1.3], reduced cohomology and (ordinary) cohomology coincide:
Hence the vertical maps are isomorphisms. Now Lemma 5.2 implies that Ψ is functorial: Indeed, the functoriality of the lower horizontal arrows in (8) follows immediately from the functoriality of the upper horizontal arrows since the vertical arrows are isomorphisms. Next we derive an explicit formula for Ψ. The right vertical map in (8) has an obvious left inverse, namely the map induced by integration in the coefficients, which we denote by
Since the right vertical map in (8) is an isomorphism the map X is its inverse. This implies that, for a cocycle f :
We could have defined Ψ via (10) right away but it would have been impossible to prove functoriality without using the fact that the vertical arrows in (8) are isomorphisms. The reason we derived (10) after proving functoriality is that we need it now for proving that Ψ * (η) is a homomorphism of cohomology algebras.
To this end, we turn from cohomology with L 2 -coefficients needed for proving functoriality to cohomology with L ∞ -coefficients needed for proving multiplicativity. The cohomology with L ∞ -coefficients is an algebra unlike the cohomology with L 2 -coefficients.
The map (9) has an analog for L ∞ -coefficients:
From the explicit formula (10) we see that the following diagram commutes:
The left vertical map above is obviously multiplicative with respect to the cohomology algebra structures. By Lemma 6.1 H k (η) is multiplicative. Since Γ is finitely generated nilpotent, the map X is multiplicative by [15, Proof of Theorem 5.1.]. If η is coming from an homomorphism from Γ to Λ, then the cocycle α η is constant, and the explicit formula (10) shows that Ψ k (η) is the usual map induced by the homomorphism and functoriality of group cohomology. This finishes the proof.
Remark 7.1. It is clear on the level of objects that the functor Ψ makes no distinction between (Γ, X, π, µ 1 ) and (Γ, X, π, µ 2 ) if µ 1 , µ 2 are ergodic Γ-invariant probability measures on X. It is unclear if this is also true on the level of morphisms.
Proof of Theorem 4.7. By Theorem 4.6 there is a homomorphism
It is well known that the cohomology algebra of Z d is the exterior algebra over the vector space H 1 (Z d ; R):
Since Ψ * (η) is multiplicative with respect to the cup product, the homomorphism
is given by multiplication with det(Ψ d (η)), which is to be shown to lie in {1, −1}. To this end, we show that Ψ d (η) preserves the integral lattice
The pairing between cohomology and homology and the fact that Z d is a Poincare duality group are the essential ingredients.
such that (13) |α η (g, x) − A(g)| < C for all g ∈ Z d and x ∈ X.
The map Ψ 1 (η) is, on the level of homogeneous cochains, given by the formula (10). In the inhomogeneous picture, a 1-cochain is a map f : Z d → R (corresponding to the invariant homogeneous 1-cochain (g 0 , g 1 ) → f (g 1 − g 0 )). Moreover, 1-cocycles are exactly the homomorphisms Z d → R. The map Ψ 1 (η) for inhomogeneous 1-cochains is given by
Since cocycles are mapped to cocycles, the right hand side is a homomorphism Z d → R provided f is a homomorphism. Further, the map
induces multiplication with A t on the first cohomology. Now let f : Z d → R be a homomorphism. Since f is given by taking the standard scalar product with a real vector, (13) implies that there is a constant D > 0 such that for every g ∈ Z d we have
Since homomorphisms Z d → R that are a bounded distance apart have to be identical, the claim follows.
Further directions
It would be worthwile to study category-theoretical concepts in ergodic theory, in particular in orbit equivalence theory, further. The measured orbit category is only a starting point. Indeed, it is fairly straightforward to see that the actual structure that should be considered instead of the measured orbit equivalence category is a strict 2-category. Here, the underlying (classical) category is just the measured orbit equivalence category and the 2-morphisms between ergodic-theoretical cocycles are given by the usual notion of equivalence in the 1-cohomology for such cocycles. This behaves well with the structures that we explored so far. In particular, if two ergodic-theoretical cocycles define the same 1-cohomology class, then the induced map on group cohomology is the same. We also obtain that various homomorphisms from automorphism groups are actually well-defined on a suitable outer automorphism group. This will all be subject of further study.
Another direction is the question of possible generalizations of the important result of Boyle-Tomiyama [1] that topologically orbit equivalent Cantor minimal Z-actions are flip conjugate. Consider a Cantor minimal Z d -action. At least in the uniquely ergodic case, any orbit equivalence α : Z d × X → Z d gives rise due to our construction to a uniquely determined matrix in {A ∈ GL d (R), det(A) = ±1}. Let us denote this invariant by A(α) for now. It is
